Streaming potential changes induced by deposition of particles at solid/liquid interfaces are considered theoretically. The solution is obtained in terms of a virial expansion of the streaming potential up to the third order of the surface coverage of particles, assumed to be distributed according to the hard sphere equilibrium distribution function. Theoretical methods, including the idea of cluster expansion, are adopted from statistical physics. In the cluster expansion, two-body and three-body hydrodynamic interactions are evaluated with a high precision using the multipole method. The multipole expansion algorithm is also used to perform numerical simulations of the streaming potential, valid for the entire surface coverage range met in practice. Results of our calculations are in good agreement with the experimental data for spherical latex particles adsorbed on a mica surface.
I. INTRODUCTION
Understanding deposition ͑irreversible adsorption͒ mechanisms of colloids and bioparticles at solid/liquid interfaces is of major significance for a variety of fields ranging from geophysics, material and food sciences, pharmaceutical and cosmetic industry, medical sciences, electrophoresis, chromatography, catalysis, etc. Especially significant are protein adsorption processes, which are involved in blood coagulation, artificial organ failure, plaque formation, fouling of contact lenses, ultrafiltration, and membrane filtration units. On the other hand, controlled protein deposition on various surfaces is a prerequisite of their efficient separation and purification by chromatography, filtration, for biosensing, bioreactors, immunological assays, etc.
However, a major obstacle in analyzing quantitatively deposition of particles and proteins on interfaces is the lack of sensitive experimental techniques working under dynamic conditions, e.g., in systems exposed to laminar flows, applied to enhance mass transfer rates. 1 One of few such precise and efficient methods working in situ is based on electrokinetic measurements, most frequently the streaming potential [2] [3] [4] [5] [6] [7] [8] [9] [10] changes induced by deposition of particles at solid/liquid interfaces. Experiments of this type involving colloid particles and proteins have been done exploiting the Poiseuille flow, either in the circular 9 or parallel-plate 2-8 configuration. A characteristic feature of such a flow pattern is that the adsorbed particles are effectively immersed in a simple shear flow, prevailing at channel walls. 1 Although the streaming potential technique proved successful in determining protein adsorption kinetics, 2, 3, 9 it still remains a relative method, requiring calibration. Accordingly, basic experimental studies have been performed for model colloid particle suspensions [5] [6] [7] [8] with the aim of performing such a calibration. These experiments have been interpreted in terms of the hydrodynamic model developed in Ref. 5 , which considered in an exact manner the damping of charge flux in the vicinity of adsorbed particles. The model extends the Smoluchowski approach for bare surfaces, 11 taking into account the particles, which do not interact hydrodynamically with each other. Within the framework of this model, two constants have been calculated, characterizing additive effects stemming from the particles and the interface.
However, this linear model remains exact only in the limit of a low particle coverage, when the modification of the fluid flow is approximated by the superposition of the singleparticle contributions. For describing higher surface coverage effects, fitting functions of exponential type have been proposed. The validity of this description was justified empirically only by a good agreement with experimental data. [5] [6] [7] [8] 10 Hence, the aim of this work is to provide a theoretical framework for extending the existing analytical solution of the streaming potential into higher surface coverages. These new theoretical results will have major significance for a quantitative interpretation of irreversible adsorption phenomena of colloid particles and biopolymers ͑proteins͒.
The essential difficulty is the evaluation of many-body hydrodynamic interactions between the adsorbed spherical particles, caused by the low-Reynolds-number flow. 12, 13 forces between close surfaces of the particles.
14 Efficient numerical algorithms based on this theoretical approach have been constructed, developed, and optimized by many authors. [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] In this work, we choose one of them, called the HYDROMULTIPOLE code. The advantage is that in this algorithm, 17, 22 the accuracy is high and is strictly controlled 24 also in a bounded geometry. [25] [26] [27] [28] [29] Averaging of the hydrodynamic interactions in dispersive systems leads to virial expansions of their effective transport coefficients. [30] [31] [32] The averaging procedure is based on the standard methods of statistical physics, including the cluster expansion 33 of the hydrodynamic interactions into singlet, doublet, triplet, and higher contributions. In this paper, this framework will be used to evaluate the virial expansion of the streaming potential up to third order of the surface coverage of particles ͑up to the triplet terms͒.
Additionally, the multipole method will be applied to perform numerical simulations in periodic boundary conditions for the entire surface coverage range met in practice. Both the virial expansion and the simulations will be carried out assuming that particles adsorb at the surface according to the hard-sphere equilibrium distribution. This assumption corresponds to a reversible adsorption process ͑the particles adsorb and desorb until equilibrium is reached͒, or a random motion of particles along the interface.
II. MODELING THE SYSTEM
In this paper we consider a simplified model system consisting of a planar, no-slip interface at z = 0 with fluid in the half-space z Ͼ 0. This interface is charged, which leads to the creation of a double layer characterized by a zeta-potential i . Spherical particles of radius a are adsorbed 5, 7, 8 on the interface with a surface coverage
Here N is the number of particles adsorbed on the interface surface of area S = wL, where w is the width and L is its length ͑along the fluid flow direction, see Fig. 1͒ . The zeta potential of the particle surfaces is p .
Once an external, linear flow field is applied, a macroscopic electric current I builds up due to the charge density present in the system. This current is called the streaming current. Experimentally, the streaming potential rather than the streaming current is more accessible to measurements. It is associated with the electric field building up along the channel due to the streaming current flow. The potential drop is measured as the difference in the electric potential at the beginning and at the end of the channel. Because the electric resistance of the system is mainly due to the resistance characteristics of the fluid, it does not change once particles are adsorbed on the channel walls. Therefore the change in the streaming current is strictly proportional to the change in streaming potential according to 5 
͗E͘
Here I 0 is the streaming current in the absence of adsorbed particles, ͗¯͘ denotes averaging over particle adsorption positions, and E and E 0 are the streaming potential drops along the channel, corresponding to I and I 0 . The definition of an electric current flowing through a cross section A = wh ͑h ӷ a is the height along z, see Fig. 1͒ perpendicular to the fluid flow direction is
where dA = dydz. The bulk charge density produces an electrostatic potential , which is given by the Poisson equation
where is the electrostatic permeability of the fluid. Here we assume the following.
͑1͒
The bulk charge density is a sum of the density due to the charged interface and charged particles. ͑2͒ The double layer thickness is much smaller than the particle size. Therefore the Poisson equation is used independently in the layer close to the interface and in the layers close to the individual sphere surfaces. ͑3͒ The potential is a function only of the scalar distance from the considered surface ͑interface or sphere surface͒. ͑4͒ The streaming current is generated in the vicinity of the wall only; therefore, the external flow is well approximated by the shear flow
͑5͒ The Poisson equation and the equation governing fluid motion are decoupled. ͑6͒ The characteristic system length scales and flow velocities are such that the Reynolds number is much smaller than unity.
Therefore the fluid flow is governed by the Stokes equations ͑Re= 0͒
with stick boundary conditions at the interface, at the surfaces of the particles, and v − v 0 = 0 at infinity. When no particles are adsorbed at the interface, the corresponding streaming current I 0 in the direction of the fluid flow is given by
where we have used the assumptions given above and the equality i = ͑0͒. Notice that the current I 0 depends only on the width of the cross section as all the charge densities are concentrated in the nearest vicinity of the interface. Further, the current does not depend on the position of the cross section A within the channel. The flow in the presence of particles adsorbed at the interface can be decomposed into two parts,
where v 0 is the external shear flow ͑5͒ and ␦v is the flow disturbance caused by the existence of the adsorbed particles. In this case, the streaming current ͑3͒ depends on the exact position of the cross section A through which the current is measured. This dependence vanishes when averaging over particle configurations. It is therefore convenient to separate the integration over particle coordinate variables from integration over the cross section by introducing, normalized by L, integration along the x variable,
The charge density in the vicinity of each sphere surface is nonzero only on a very short length scale, much smaller than the sphere radius. Owing to the stick boundary condition, at the boundary, the gradient of the fluid velocity is normal to the surface. Therefore the excess fluid flow around each sphere may be substituted by its expansion linear in the distance from the sphere surface ͑r − a͒n k ͑r͒ · ٌv͑r͒. By the same token, in the vicinity of the interface, the excess fluid flow is approximated by ze z · ٌ␦v͑r͒. Then, the reasoning used in Eq. ͑7͒ is repeated. Normalizing the current I by the streaming current I 0 for the particle-free interface, and averaging it with respect to the configuration of adsorbed particles, the following formula is obtained:
where
and S is the area of the flat solid-fluid interface, S k is the surface of sphere k, e z is the vector normal to the interface pointing into the fluid, and n k ͑r͒ is the vector normal to the surface of sphere k. To evaluate the functions B i ͑⌰͒ and B p ͑⌰͒, we represent these quantities in terms of hydrodynamic forces acting on the particles. First we derive a representation for the interfacial contribution B i ͑⌰͒. To this end, the integrand in Eq. ͑11͒ is related to the xz ͑off-diagonal͒ component of the excess viscous stress tensor on the boundary S,
͑where the stick boundary condition is used to eliminate the antisymmetric part of the velocity-gradient tensor͒. According to Eq. ͑13͒, the integral ͑11͒ is proportional to the x component of the excess hydrodynamic force acting on the interface,
͑14͒
Since the O͑r −3 ͒ perturbation flow ␦v vanishes quickly for r → ϱ, there is no hydrodynamic force at infinity. The force ͑14͒ is thus balanced by the total hydrodynamic force F acting on the adsorbed particles,
and
is the hydrodynamic force acting on particle k. Relation ͑15͒
can be formally derived from the stress balance ١ · ␦ =0 by using the Green's theorem to show that the integral of the excess stress tensor over a closed surface vanishes and by considering a region bounded by a hemisphere of radius r → ϱ and the particle covered interface. According to Eqs. ͑11͒ and ͑13͒-͑17͒ the function B i can be expressed in the form
Thus, to calculate B i , we need to determine the component of the force F along the flow.
To determine the function B p ͑⌰͒, we need to evaluate the following quantity:
In Appendix A, it is shown that 144706-3 Streaming current and streaming potential J. Chem. Phys. 130, 144706 ͑2009͒
i.e., that it is a combination of the force F k and the following force multipole:
with R k denoting the position of the center of sphere k and the force density f k defined in terms of the stress tensor ,
͑24͒
According to the above definition, the force density is exerted by the flow on the particle, and
͑25͒
We evaluate B p as
The force multipoles, needed to determine F and H, are evaluated from the multipole expansion of the Stokes equations. 21 In sections III and IV we aim at finding the streaming current ratio for a particle covered surface, as given by Eq. ͑10͒. This will be preformed in two ways. In Sec. III we present the derivation and computation of the virial expansion of this quantity. In this case, F and H are evaluated taking into account the two-particle and threeparticle hydrodynamic interactions. 21, 22, 24 In Sec. IV we outline the methodology and the results of simulations. In this case, periodic boundary conditions are imposed and the many-body hydrodynamic interactions between the particles are taken into account. [25] [26] [27] [28] [29] 
III. VIRIAL EXPANSION OF THE STREAMING CURRENT AND THE STREAMING POTENTIAL

A. Theoretical formulas
In this paper we consider hard, spherical particles adsorbed randomly on the interface according to an equilibrium distribution. To derive the virial expansion of the streaming current or streaming potential, an expansion of the functions B i and B p given by Eqs. ͑11͒ and ͑12͒, respectively, must be evaluated. These will be written in the form
where the coefficients C nq r have been indexed according to the following rules:
• n denotes the power of ⌰,
• q stands for the i ͑interface͒ or p ͑particle͒ contribution to the total coefficient,
• r denotes the order of expansion of the pair-correlation function of the particle distribution on the interface,
where r is the vector connecting particle positions. For the equilibrium hard sphere distribution, 
· ͑33͒
In order to relate the expansion coefficients C nq r for n =1,2,3..., q = i , p, and r =0,1 to F k and H k , a cluster expansion 33 of these physical quantities has to be introduced. In the following, we use dimensionless variables: i.e., distances r normalized by the radius a, and F k and H k normalized by 6a 2 ␥ , distinguished by script letters according to
The cluster expansion of the dimensionless force F k has the form
and F 1 ͑1,l , m ,...͒ is the force exerted by the flow on particle 1, taking into account the existence of particles l , m ,.... Analogous cluster expansions and definitions hold for F k and H k exerted on any of the k =1, ... ,N particles.
The series in powers of ⌰ for the functions B i ͑⌰͒ and B p ͑⌰͒ is obtained by inserting the above cluster expansions to Eqs. ͑29͒ and ͑30͒. The following expressions for the virial coefficients are found.
• The singlet contribution,
where F 1 is exerted by the flow on a single isolated particle adsorbed on the surface.
• The doublet contribution,
• The doublet contribution with the expansion of the paircorrelation function,
where r 12 = ͉r 12 ͉.
• The triplet contribution,
The integrals are absolutely convergent because in the presence of the wall, the flow decays sufficiently fast at large distances.
Analogical formulas are obtained for the particle contributions C 1p 0 , C 2p 0 , C 3p 1 , and C 3p 0 once H k is exchanged for F k .
B. Numerical computations
This section is devoted to a numerical evaluation of the coefficients of the virial expansions ͑29͒ and ͑30͒. The calculation of F and H for one-, two-and three-particle clusters is performed using the HYDROMULTIPOLE algorithm. 24 Our method involves a truncation order parameter L governing the number of multipoles taken into account per particle and therefore determining the precision of the results. The accuracy of our results has been estimated by performing test calculations with 2 Յ L Յ 20, with the exception of the oneparticle system. Owing to the axial symmetry, the singleparticle coefficients could be calculated for much higher values of L, resulting in a 10 −9 accuracy. For two-particle contributions, L = 20 yields a 0.01% precision. In the threeparticle computations, L = 5 is sufficient because it leads to errors smaller than the uncertainty of the Monte Carlo integration procedure.
Calculation of the doublet contributions ͑41͒ and ͑42͒ has been reduced to a single integral with respect to the interparticle distance carried out by the Gauss procedure. Evaluation of the triplet contribution ͑43͒ is based on one integration with the Gaussian quadrature and the Monte Carlo integration of the resulting function of two variables. The description of the methods and procedures is given in Appendix B.
The computations have been performed using the Mosix computational cluster. 35 All the digits given below are exact. The following values of the virial coefficients have been obtained: C 3p 1 = 6.89, ͑49͒
IV. SIMULATIONS
The dependence of the friction factors B i and B p , defined in Eqs. ͑11͒ and ͑12͒, on the surface coverage ⌰ was determined using a periodic version 29 of the Cartesianrepresentation algorithm for a system of particles in a parallel-wall channel. [25] [26] [27] [28] In our approach periodic boundary conditions in the lateral directions are incorporated by splitting the flow reflected by the particles into a short-range near-field contribution and a long-range asymptotic HeleShaw component. The near-field contribution is summed explicitly over neighboring periodic cells, and the Hele-Shaw component is evaluated using Ewald summation method for a two-dimensional harmonic potential. 29, 36 The one-wall results were derived from the two-wall calculations using an asymptotic procedure based on the observation that in the particle-free part of the channel the velocity field tends to a combination of a plug flow and shear flow. All other flow components decay exponentially with the distance from the particle layer. The one-wall results are obtained by eliminating the shear flow and retaining only the plug flow generated by hydrodynamic forces induced on the particles. Details of this procedure will be described elsewhere.
The results of the simulations are listed in Table I and are shown in Fig. 2 with the estimated uncertainty of 0.02 for ⌰ = 0.05, the uncertainty of 0.01 for ⌰ = 0.10-0.15 and ⌰ = 0.45-0.50, and with all the exact digits for other surface fractions. For large surface fractions, ⌰Ն0.30, the main error of B i and B p is caused by a relatively slow convergence with the multipole order L. We take L = 5 and estimate the uncertainty by comparing with L = 4 for the same configurations. For small surface fractions, ⌰Յ0.25, the largest error comes from a finite number of particles in the periodic cell N. In our computation, we take N = 64, but we add an ex-trapolation correction from N =64 to N = 256, calculated for a smaller set of about 70 configurations and L = 4. We take the extrapolation correction also as the error estimate. The number of the random configurations ͑300-400͒ is sufficiently large to provide the statistical error smaller than the uncertainty described above.
As shown in Fig. 2, the simulation results 
A. Theoretical results
We presented a theoretical analysis of the streaming current and the streaming potential for a particle covered interface in an external shear flow. A virial expansion of the streaming current ratio was derived up to the third power of the particle surface coverage ⌰, and numerical simulations were performed for the particle surface coverages in the range of 0.05Յ⌰Յ0.5. The accurate HYDROMULTIPOLE algorithm ͑based on the multipole expansion of the Stokes equations͒ was applied in all our calculations, and we assumed the equilibrium distribution of adsorbed particles.
The virial expansion of the streaming current ratio has the form, The zeroth-, first-, and second-order truncations of the virial expansion of B i and B p are compared in Fig. 2 with the results of our direct numerical simulations. The figure shows that the expansion to the second order in ⌰ ͓Eqs. ͑57͒ and ͑58͔͒ yields accurate results for low surface coverages ⌰ Շ 0.07. However, outside this domain, the expansion quickly deviates from the simulation results. The position of the pole ⌰ 0 Ϸ −0.2 in the rational approximation ͑52͒ indicates that the virial expansion has a finite convergence radius ⌰ Ϸ ⌰ 0 . Thus, adding more terms would not significantly extend the validity range of the expansion.
However, the validity domain of approximations constructed from the virial-expansion coefficients can be significantly broadened by using one-and two-point Padé approximants. A one-point Padé approximant is a rational function whose Taylor expansion in ⌰ matches the virial expansion of B q ͑q = i , p͒ up to a given order. A two-point Padé approximant also uses the value of B q at the high-area-coverage end of the domain of interest.
Taking the second-order virial expansions ͑57͒ and ͑58͒ for B q = B i , B p , we construct a one-point Padé approximant of the form 
For the values of the coefficients of a q Ј and b q Ј listed in Table   II , Taylor expansion of the approximant ͑59͒ matches the virial expansions ͑57͒ and ͑58͒. The results depicted in Fig. 2 indicate that for both functions B i and B p , the accuracy of the one-point Padé approximant ͑59͒ is within 2% in the domain ⌰Յ0.2. However, the error grows to about 20% for high values of the surface coverage.
To construct a two-point Padé approximant of the form
we use the virial expansions ͑57͒ and ͑58͒ and the values of B q at ⌰ = 0.5 ͑determined from our numerical simulations͒. The expansion coefficients in the approximant ͑60͒ are listed in Table II . A detailed comparison of the two-point Padé approximant with the simulation results indicates that its accuracy is better than 1.5% in the whole domain of area coverages 0 Ͻ⌰Յ0.5. In Fig. 2 , the approximant ͑60͒ is indistinguishable from the accurate numerical fit to the simulation data ͑52͒. We note that a similar rapid convergence has been obtained in applications of two-point Padé approximants to investigate the effective transport coefficients of inhomogeneous materials.
38,39
The one-point and two-point Padé approximants ͑59͒ and ͑60͒, as well as the rational function fit ͑52͒, consistently show that the pole ⌰ =−1/ b q Ј ͑q = i , p͒ has the same position for the functions B i and B p . This behavior may indicate an existence of a repetitive structure of the Ornstein-Zernike type 40 in the virial expansion of the functions B i and B p . Resummation of such a structure may lead to new approximations of the Clausius-Mossotti type, so it will be interesting to investigate this problem in the future.
The results of the simulations are compared to the exponential approximation of the zeta potential on the particle coverage, proposed in Refs. 5, 7, and 8, and shown in Fig. 2 with the dotted lines. Our simulations confirm that the interface contribution B i ͑⌰͒ can be well approximated by the exponential expression ͓1 − exp͑−C 1i 0 ⌰͔͒ / ⌰. In contrast, the particle contribution B p ͑⌰͒ is not matched by the function ͓1 − exp͑−C 1p 0 ⌰͔͒ / ⌰. The streaming current ratio systematically decreases with the decrease in p / i because B p is always greater than zero for particle surface coverages met in practice. For p / i Ͻ 0, it always becomes negative, as the concentration of adsorbed particles ⌰ gets larger.
Summarizing, the presented theoretical approach and its numerical implementation provide an efficient and accurate method of calculating the streaming potential and current rations for interfaces covered with adsorbed spherical particles. It is worth mentioning that this method enables one to calculate the streaming current ratio also for nonequilibrium distributions of adsorbed particles. Nonspherical particles can be approximated as agglomerates of spheres. [41] [42] [43] 
B. Comparison with experimental results
In Fig. 3 , our numerical simulations are compared to experimental results obtained by Zembala and co-workers. 7, 8, 10 It is interesting to mention that these experiments have been performed using monodisperse colloid suspension ͑latex particles͒ of well defined surface properties, described by the surface zeta potential p . The substrate surfaces for particle adsorption were freshly cleaved mica sheets. They were molecularly smooth and possessed reproducible zeta potential i , whose magnitude was adjusted by a change in magnesium cation concentration in the supporting electrolyte. For evaluating the coverage of particles ⌰, a direct optical microscope observation method was applied. This procedure enabled one to determine both the averaged number of particles per unit area and particle distribution over mica surface, characterized quantitatively in terms of the pair correlation function.
As can be seen in Fig. 3 , our theoretical predictions reflect well the experimental results for a broad range of surface coverage of particles ⌰ and for various ratios p / i of the particle to the interface zeta potential. The theory agrees with the measurements within the experimental error, which increases for higher coverage range due to the ion adsorption from the supporting electrolyte. This agreement indicates quite unequivocally that our theoretical results are useful for the interpretation of particle adsorption phenomena on solid surfaces, which has major practical significance.
VI. CONCLUDING REMARKS
Theoretical results derived in this work using the precise multipole method of solving the governing Stokes equations represent a significant progress in the field of the electrokinetics of particle covered ͑heterogeneous͒ surfaces.
An important practical finding following from our theoretical analysis is a simple interpolation function, which allows one to express the streaming current or streaming potential of surfaces in terms of the absolute coverage of particles
͑61͒
This equation agrees with the experimental results obtained using direct methods and well-defined substrates and particles. This suggests that this equation, valid for arbitrary range of coverage met in practice, can be used for a quantitative interpretation of experimental results obtained for nanoparticles and bioparticles such as proteins. This means that our results, due to considerable sensitivity of the measured streaming potential ratio ͗E͘ / E 0 to the coverage of particles ⌰, can be exploited for quantitative detection of the presence of small amounts of proteins at surfaces with a precision inaccessible for other experimental techniques. 
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APPENDIX A: EVALUATION OF THE F AND H BY THE MULTIPOLE METHOD
In this appendix, the quantities F k and H k will be expressed in terms of the force multipoles. By definition, the force multipole f͑klm͒ is a projection of the density of the force exerted by the particle k on the flow onto a multipole elementary flow u lm + . 22 Using f k defined in Eq. ͑24͒,
where R k is the position of the center of sphere k. In particular,
and therefore the force multipole f͑k110͒ is proportional to the force exerted by the flow on the particle k, projected on the direction of the flow v 0 ,
The force multipoles are evaluated by the multipole expansion. 22 To determine H k ,
the flow around particle k is expanded in terms of singular and regular real elementary flows, u lm − and u lm + , respectively,
The elementary flows are defined in Ref. 22 . For example,
The expansion coefficients c + and c − are related to the force multipoles. In particular, the coefficients of the singular part of the flow are just proportional to the force multipoles, 17 
c
− ͑klm͒ = 1
f͑klm͒. ͑A8͒
The above relation is obtained by the expansion of the Oseen tensor in elementary flows u − and u + . 17, 22 The coefficients of the regular part are determined by the stick boundary conditions and are expressed with use of the inverse of the single-particle resistance matrix Z k ,
See, e.g., Ref. 17 for the explicit form of Z k for the stick boundary conditions. To evaluate H k from Eq. ͑A4͒, combinations of the corresponding integrals of the elementary flows are needed,
From symmetry, it follows that the only flows that may contribute to the integral ͑A4͒ are those with l =1, =0,2, and m = 1. The explicit calculation yields the result that the only nonvanishing integrals ͑A10͒ are,
+ ͑r͒ · e x dS k = − 20 ͱ 3a 3 . ͑A12͒
Combining all the above relations, we finally obtain
Using Eqs. ͑A1͒ and ͑A7͒, we obtain
͑A15͒
Therefore, using Eq. ͑A3͒, and denoting Q k = Q k · e x , we finally obtain
APPENDIX B: NUMERICAL COMPUTATION OF THE VIRIAL COEFFICIENTS
The singlet contributions
The first coefficients of the virial expansions ͑29͒ and ͑30͒ are proportional to the total forces F 1 and H 1 , respectively, exerted on the particle by the fluid. These quantities are readily calculated, yielding the numerical results Such a high precision is possible to obtain due to the axial symmetry of the system ͑sphere+ interface͒. Due to this symmetry, it is possible to calculate F 1 and H 1 with very high multipole cutoff numbers L. For details refer in Appendix B5.
The doublet contributions
In this subsection we concentrate on the calculation of the doublet virial coefficients C 2i 0 and C 2p 0 of the expansions ͑29͒ and ͑30͒. According to Eqs. ͑38͒ and ͑41͒, to calculate the first of these coefficients, the value of the force exerted by the flow on two particles and on a single isolated adsorbed particle is needed. Obviously, the force exerted on two adsorbed particles depends on their relative configuration, as well as their arrangement with respect to the flow. It may be described by two variables-the relative scalar distance between particle centers and the angle between v 0 and the line connecting particle centers. The dependence on this angle is analytic, derived from a simple decomposition of the flow v 0 into components parallel and perpendicular to the line connecting particle centers. On the other hand, the dependence of the force on the relative distance between the particles is described by two scalar functions quantifying the force exerted by the flow on two particles positioned such that their line of centers is perpendicular and parallel to the flow direction, respectively. Both are calculated numerically using the HYDROMULTIPOLE algorithm. Additionally, asymptotic forms are used. Clearly, once the distance between particles becomes large, the force exerted on this pair becomes equal twice the force exerted on a single isolated adsorbed particle. The nature of this convergence depends on the relative configuration of the particles with respect to the flow v 0 direction. When particles' centers are aligned with the flow, it is of the order of 1 / r 5 , the interparticle distance r becomes large, whereas for the parallel configuration it is of the order of 1 / r 3 . The integral ͑41͒ is in practice calculated in two steps. For r 12 ͓2,r max ͒, it is performed using Gaussian quadrature. 43 Next, for r 12 Ͼ r max , the asymptotic inverse power laws are used to calculate the integrals. The same procedure is followed when calculating the coefficient C 2p 0 once H is exchanged for the force in all adequate equations. Finally, the numerical values of the doublet contributions are
C 2p 0 = 36.82. ͑B4͒
The doublet contributions with expansion of the pair-correlation function
In this subsection we focus on the calculation of the coefficients C 3i 1 and C 3p 1 . According to Eq. ͑42͒, the calculation takes into account the virial expansion of the paircorrelation function ͑31͒. Apart from the change in the particle distribution function, which now is equal to g 1 ͑r 12 ͒ ͓see Eq. ͑33͔͒, the integrand functions are the same as in the case of the coefficients C 2i 0 and C 2p 0 obtained in Appendix B2. The integration procedure is therefore the same with one simplifying the change in the integration boundaries, which now are finite. The integral ͑42͒ is calculated using Gaussian quadrature. The results are calculated for the multipole truncation parameter L = 20. Precise digits are retained,
C 3p 1 = 6.89. ͑B6͒
The triplet contributions
In this section a method of calculating the triplet coefficients C 3i 0 and C 3p 0 is presented. The first of these coefficients is given by formula ͑43͒ and involves integration over four variables.
It is convenient to use the variables ͕r , , ␣ , ␤͖ ͑see Fig.  4͒ 
the triplet interface contribution C 3i 0 is given by the following formulas:
where only nonoverlapping particle configurations are taken into account in the integral ͑B10͒. The second equality follows from the form of the -dependence of F, since F ͑3͒ ͑r,,␣,␤͒ = sin 2 F ͑3͒ ͑r,/2,␣,␤͒ + cos 2 F ͑3͒ ͑r,0,␣,␤͒, ͑B12͒
and from the fact that the integral over all possible threeparticle configurations may be written as six times the integral over configurations where r 12 is the shortest of all ͕r 12 , r 13 , r 23 ͖ and, additionally, ␣ Ͻ and ␤ Ͻ . This is equivalent to taking the integration limits ␣ + ␤ Յ , 2␣ + ␤ Ͼ , and ␣ +2␤ Ͼ . 30 The integrals over angles ␣ and ␤ are performed using the Monte Carlo method, whereas for a given choice of these angles, the integral over r is performed using the Gauss method. In the Monte Carlo method, points for which ␣ + ␤ Ӎ introduce large errors. In order to get rid of them, we introduce the cutoff parameter ␦ into the integration boundaries as ␣ + ␤ Ͻ − ␦. Plotting the integral values as a function of ␦ for ␦ close to zero, and noticing that this dependence is linear, we get the correct value of the integral by extrapolation to ␦ = 0, as shown in Fig. 5 for J 1 .
The three-particle contribution C 3p 0 is analogous once H is exchanged for the force F. Results obtained were calculated for a multipole cutoff number L = 5 and approximately The given error is the statistical standard deviation of the average of all Monte Carlo trials. This means that the confidence of the result within Ϯ is 66%, within Ϯ2, 96%, and within Ϯ3 of the given value, it is 99%.
Precision: Convergence with multipole order L
The singlet contributions C 1i 0 and C 1p 0 are evaluated with the multipole order truncation parameter ranging from L =2 to 680 and from L = 2 to 780, respectively. Such large values of L are possible due to the axial symmetry of the system ͑single sphere+ interface͒. The obtained results are then plotted as a function of 1 / L 3 and extrapolated to 1 / L 3 =0, as shown for the case of the interface contribution in Fig. 6 .
For the doublet interface contribution C 2i 0 the convergence with the multipole cutoff number is shown in Fig. 7 . From this plot, it is evident that L Ն 5 is sufficient to obtain accurate results, with a precision of 0.1% or better. In order to further improve the precision of the results for the doublet contributions, they have been recalculated with multipole truncation orders L equal to 5, 6, …, 20. Only those digits 
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